Abstract-In this paper, a virtual mutual inductance approach is used to analyze the performance of transverse flux machines (TFMs). The virtual mutual inductance between the stator windings and the magnets' equivalent currents is obtained by integrating the flux produced by the stator windings over the surface of the magnets. Key design parameters such as back electromotive force, torque, phase inductance, and power factor are readily calculated using the proposed methodology. This method is also used to optimize the geometry of a particular machine that provides an insight into the relationship between power factor and torque. Furthermore, the insights gained suggest a design approach that takes into account the power factor of TFMs, which may help unlock their potential through a tradeoff between torque density and power factor. The results obtained using the analytical model are verified using three-dimensional finite element analysis and experimental data.
I. INTRODUCTION
T RADITIONALLY, the renewable energy industry has been dominated by induction machines, synchronous machines and conventional radial or axial permanent magnet (PM) machines, which normally operate at high speed and low torque. Wind and marine turbines normally operate at low speed, around 5 to 25 rpm, making it necessary to install a gearbox in the drive-train to enable the use of a conventional generator [1] - [5] . Several novel machines have been designed to operate as direct-drive generators in renewable energy sources but they are not widespread across the industry [6] - [9] . Transverse flux machines (TFMs), which sometimes are called variablereluctance permanent-magnet (VRPM) machines, can achieve a high torque density which makes them an interesting option for direct-drive operation [10] - [17] . However, TFMs tend to have a complicated topology with a three-dimensional flux path, which makes the task of modelling and understanding the behaviour of these devices difficult. Additionally, TFMs tend to have a low power factor, which has hindered their acceptance [18] , [19] . The current trend to study machines with complicated geometries such as TFMs [20] - [29] and claw pole machines [30] - [34] is to use 3D CAD modelling and numerical methods like finite element analysis (FEA). This approach produce accurate results but does not provide an insight as deep as that provided by analytical methods.
Previous studies have successfully calculated the torque produced by TFMs by replacing the magnets with equivalent current sheets [35] and applying the BiL principle to obtain the torque; in this case B is the stator's magnetic field and i the equivalent current of the magnets [12] - [16] , [36] . The relationship between torque and power factor was studied in [19] . However, in that publication the amplitude of the back emf was simply estimated by conservation of energy and the flux linkage was not calculated formally.
This paper presents an alternative analytical methodology for TFMs based on a virtual mutual inductance, M, between the equivalent current loops of PMs and the stator windings. This virtual mutual inductance can be used to calculate the flux linkage, back EMF and power factor of the machine using only the stator's magnetic field distribution.
The virtual mutual inductance approach presented in this paper provides a very deep insight into the behaviour of TFMs because the path of the stator's magnetic field is simpler than that of the PMs. Therefore, the calculation of the flux linkage using the virtual mutual inductance, M, is more intuitive and the relationship between torque and power factor can be readily understood. Understanding this relationship can be the key to unlocking the full potential of TFMs through a trade-off between torque density and power factor.
The paper starts with a description of a particular TFM in Section II, which is used as a case study. Section III describes the virtual mutual inductance approach including the validation of the methodology using FEA and experimental data. The circuit parameters and performance of the machine under study obtained using the virtual mutual inductance approach are calculated in Section IV. In Section V torque and power factor are shown to be strongly interlinked; the implications of this on the design of TFMs are discussed. Finally, conclusions are drawn in Section VI. 
II. DESCRIPTION OF THE MACHINE UNDER STUDY
The magnetic topology of this machine is similar to that of claw-pole machines. Fig. 1 shows the radial and axial crosssections of the machine built at the University of Southampton [12] - [16] . The stator has two phases comprising a circular coil each, linking and magnetising 20 laminated C-cores which modulate the armature's magnetic field to produce a fundamental heteropolar (40 poles) harmonic in the radial direction. The number and width of the C-cores has been carefully selected to maximise the flux utilisation factor and the torque produced by the machine.
The outer rotor comprises a cylindrical yoke with 4 arrays of 40 heteropolar magnets each, glued to the inside surface. Each phase is associated with two arrays of magnets: one array positioned over the left-hand C-core legs and the other array, which is spatially anti-phase with the first, is positioned over the righthand C-core legs. The two sets of magnet arrays corresponding to the two phases are spatial shifted by 90 electrical degrees (alternatively, the two sets of C-cores could be spatially shifted by 90 electrical degrees). The radial heterpolar flux harmonic interact with the magnets to produce useful torque. The aligned position is defined as the position of the rotor in which the flux passing through the C-cores is maximum. Fig. 2 shows a picture of the prototype machine and Fig.  3 shows a detailed view of the C-core. The key geometrical parameters of this device are shown in Table I , which also defines the symbols used. The value of the total magnetic gap, g z , is 
The magnets' axial length is greater than the teeth's axial length because the fringing flux in the axial direction crosses the air-gap and produces torque [36] . To estimate the active length of the C-core in the axial direction we can use results from [37] to estimate the tooth-to-yoke permeance of the C-core head. Using this value of the permeance the total flux in a tooth can be directly calculated. This enables the calculation of an effective axial length of a tooth, L, or model depth of an equivalent two dimensional radial model of the machine. Accordingly, the effective length of a tooth, L, takes into account the fringing flux and is calculated as follows:
The above expression can also be applied to estimate the value of the magnets' axial length, L m ag , during the design process.
III. VIRTUAL MUTUAL INDUCTANCE APPROACH
The flux linkage in the stator windings of PM machines is normally obtained after calculating the PMs' magnetic field distribution in the air-gap and integrating the flux density over the coils surfaces. In the virtual mutual inductance approach the magnets are replaced with equivalent current sheets [35] . Fig. 4 shows schematically the air-gap of the TFM with a radially magnetised PM with its equivalent current sheets. In this context, when the rotor moves the relative position of the stator windings and the equivalent current sheets changes. These current sheets can be thought of as several current loops in series.
The reciprocity theorem states that for any two circuits the value of the mutual inductances is the same, this is M 12 = M 21 , regardless of the geometry [38] , [39] . Therefore, if the stator's magnetic field distribution in the air-gap of the TFM under study is known, then flux linking the equivalent current sheets due to the stator's MMF can be directly calculated as
where B(θ, r) is the magnetic field distribution produced by the stator's windings, N P M is the number of turns of the equivalent current loop which is 1, I S the stator's current and M(β) the virtual mutual inductance between the stator windings and the equivalent current sheets, at a particular rotor position β. Based on the reciprocity theorem the flux linkage of the stator windings due to the PMs can be calculated as
where I P M is the equivalent current of the PMs,
where M is the magnetisation and d m the magnet's thickness.
A. Calculation of the Virtual Mutual Inductance
The total virtual mutual inductance, M(β), is calculated as the average of the virtual mutual inductance of single coils, M sc (β, r), along the magnet thickness.
Let us consider two consecutive permanent magnets of a TFM. Fig. 5 shows a single equivalent coil in the relative position β in the air-gap.
Using the complex permeance function defined in [40] , the magnetic field distribution in the air-gap produced by the stator can be expressed in polar coordinates (θ is the electrical angle in radians) as
where
F is the MMF across the air-gap of value F = N w I S /2, μ eq is the equivalent permeability calculated using reluctance networks, which depends on the relative permeability of the PMs (μ r ) and the magnet thickness to effective air-gap ratio [41] . It is calculated as follows:
The total flux linkage through the circuit that corresponds to one pole pair is the contribution of two loops in series, the first one is positive and the second one is negative according to the direction of magnetisation of the magnets. The expression of the flux linkage over N c pairs of poles, taking into account that each C-core has two heads, is therefore given by
where L is the equivalent length of the magnets in the axial direction and N c the number of C-cores. The final expression of the flux linkage of a single coil is Now that the total flux linking with the equivalent currents of the PMs is known, the expression of the virtual mutual inductance of a single current loop becomes
The final expression of the virtual mutual inductance between a coil at a distance r and position β can be shown to be given by:
The virtual mutual inductance for the distributed equivalent current of the magnets with thickness d m can be calculated as follows:
where δ is the distance to the core-back:
The final expression of the virtual mutual inductance will then be given by
where γ av n is the average value of γ n (r) along the magnet thickness.
B. Validation of the Methodology
The results of the analytical model are compared with experimental data and 3D FEA. The flux linkage of the stator winding was measured using a flux meter while manually rotating the rotor over 18 mechanical degrees, which corresponds to 360 electrical degrees. Fig. 6 shows a quarter model of the TFM under study with the magnetic field passing through one C-core. The 3D model was simulated using magnetostatic FEA for several rotor positions. The flux linkage is calculated by integrating the magnetic field through the C-core back, as shown schematically in Fig. 6 . Fig. 7 shows the flux linkage obtained analytically, the experimental data and the 3D FEA data. It can be appreciated that the analytical method underestimates the amplitude of the flux linkage. This is probably due to the three-dimensional interaction of the field around the C-core head, which is only partly taken into account by using the equivalent length, L.
The definition of the equivalent length, L, used in this paper is similar to the magnetic length, l m ag , commonly used in the design of electromagnets for particle accelerators [42] - [44] . The magnetic length, l m ag , takes into account the fact that the fringing flux at the end of the poles increases the integrated field along the axis of the beam, which is the bending power in a dipole for example. During the initial stages of the design process of a magnet, the value of l m ag can be estimated using the following heuristic expression:
where l ir on is the axial length of the iron yoke, h is the aperture (or air-gap) of the magnet and k is a constant whose values are typically between 0.3 and 0.6. The expression for the equivalent length shown in (2) has a similar shape to the above expression but it underestimates slightly the contribution of the fringing flux. Therefore, the expression shown in (2) is useful for a first conservative estimation of the flux, which is consistent with the results shown in Fig. 7 .
IV. CIRCUIT PARAMETERS AND PERFORMANCE

A. Back EMF and Torque Constants
The instantaneous back EMF each phase can be obtained directly using Faraday's Law. Therefore, the induced voltage for a given electrical frequency ω can be expressed as follows:
which can be rewritten as
The RMS value of the fundamental harmonic when the machine is operating in the steady state at constant speed is expressed as
which can be expressed using the back EMF constant, k E , [41] as
where Ω = ω/N c is the mechanical speed of the rotor. This gives the following expression for the back EMF constant
On the other hand, the average torque per phase can be obtained using the torque equation in [36] . The average torque per phase when the current is sinusoidal is given by
where k T is the torque constant [41] calculated as follows
As expected the expressions of (21) and (24) are exactly the same, with the only particularity that for TFMs the back EMF constant is equal to the torque constant per phase.
B. Phase Inductance
The reactance is due to the self-inductance of the coils, it can be separated into two different terms one due to the flux that crosses the air-gap, L g , and one due to the leakage in the axial direction, L l .
The value of L g can be estimated using the expression of the magnetic field distribution in the air-gap to obtain the flux. For a given current i the inductance is calculated as follows:
where Φ core is the total flux passing through one C-core across the air-gap. The parameter λ r from the complex permeance function in (6) can be used to obtain the total flux crossing the air-gap as follows
therefore, the final expression of the air-gap inductance is
In addition to the air-gap inductance it is important to calculate the leakage inductance due to the leakage flux, which tends to be significant in TFMs. The leakage flux in the axial direction can be estimated using the classical expression for the slot leakage, which can be found in [45] . Therefore, the leakage inductance is calculated as follows:
where h c is the slot depth, h co is the difference between the slot depth and the coil depth, w s the slot width, and l core the C-core axial length as shown in Fig. 3 . The total reactance X takes into account the air-gap inductance (obtained using the virtual mutual inductance approach) and the leakage inductance (obtained using classical formulae), it is calculated as follows
C. Power Factor
The back EMF can be calculated using (20) and the reactance can be calculated according to (30) . Therefore, the power factor can be directly calculated. TFMs tend to have a low power factor; in [18] this topic is studied in detail. The conclusion is that besides the leakage, which is relatively high in these machines, the main cause of the low power factor of TFMs is their ineffective use of magnetic flux [19] . This can be easily seen in the fact that during the calculation of the virtual mutual inductance one of the equivalent current loops has a strong positive flux linking while the flux linking with the other current loop is in the opposite direction. However, many publications state that the low power factor is due to leakage in the classical way [46] - [50] . Leakage has been defined traditionally as the part of the flux that does not cross the air-gap [45] , [51] - [53] ; the negative flux mentioned earlier is actually crossing the airgap but in the opposite direction. This matter is studied in more detail in Section V.
To operate in maximum torque condition the current, I, has to be in phase with the back EMF, E; this means that current only has a q-axis component I q . The phasor diagram is shown in Fig. 8 .
At high frequencies the value of X is much greater than the value of the resistance of the windings, R w . Therefore, the angle φ in Fig. 8 can be approximated as Since both the back EMF and the phase inductance are proportional to the frequency the power factor operating with the rated current is independent of the frequency.
D. Electrical Parameters of the Machine
The proposed method was used to calculate the back emf, and air-gap inductance as shown in Table II , which also includes the other electrical parameters of the machine.
V. DESIGN TRADE-OFFS
Taking the machine described in Section II as a starting point, let us show how to choose the number of C-cores, which is also the number of pole pairs. Assuming that the radius of the machine R g , the magnet thickness d m , the clearance gap c g and the tooth-pitch ratio t/τ p remain constant. The pole pitch is calculated as follows:
With these constraints it is possible to calculate the parameters of the machine (average torque, back EMF and power factor at full load) starting from N c = 1 until N c = 35. Also, the maximum power factor (which corresponds to the power factor assuming no leakage, L l = 0 H) is calculated. The purpose of this is to show that while leakage affects the power factor it is not the main cause of the low power factor in TFMs. Fig. 9 shows the average torque per phase, calculated using (23), as a solid line with the scale on the left hand side of the graph. As the number of C-cores increases the average torque also increases until it reaches a maximum point, which corre- sponds to N c = 24 C-cores. The power factor at full load and the maximum power factor are shown in Fig. 9 with the scale on the right hand side of the graph. It can be easily appreciated that the maximum power factor is higher than the actual power factor but it follows the same strictly decreasing trend.
The air-gap inductance, L g , leakage inductance, L l , and back emf constant, k E , as a function of the number of C-cores are shown in Fig. 10 . It can be appreciated that the back emf constant follows the same trend as the average torque (as shown in Fig. 9 ), which is not surprising since the torque constant and the back emf constant are equal. On the other hand, the air-gap inductance increases gradually with the number of C-cores and the leakage inductance remains constant. Therefore, leakage understood in the classical way is not the cause of the low power factor of these machines.
Let the base impedance be defined as the ratio of the back emf, E, to the rated current, I b , as follows:
Accordingly, the air-gap and leakage reactance are calculated in per unit as follows: Fig. 11 . Total reactance, x to t , and air-gap reactance, x g in per unit as a function of the number of C-cores.
and the total reactance is simply:
The power factor at full load is calculated using the phasor diagram shown in Fig. 8 , with I q = I b , and if the term I q R w is small compared to the back emf, then it is frequency independent. It can be appreciated that the expression of x tot shown in (36) is closely related to the power factor, as pointed out in (31) . In simple terms, if x tot increases, then φ tends to increase and the power factor tends to decrease. Fig. 11 shows the total reactance, x tot , and air-gap reactance, x g in per unit as a function of the number of C-cores. It can be appreciated that as the number of C-cores increases the total reactance, x tot , increases, which implies a decrease in the power factor at full load. Furthermore, the air-gap inductance, x g , follows the same trend, therefore the maximum theoretical power factor (which is calculated assuming no leakage flux, L l = 0 H) also decreases significantly; this is consistent with the results shown in Fig. 9 . The sharp increase in x tot can be explained as follows: if the mechanical speed is constant, each additional C-core increases the back emf (when N c < 24 in our case). However, since there is one additional pair of poles the electrical frequency has to increase and so does the reactance. This shows that the low power factor of TFMs is not due to leakage in the classical way but due to the ineffective use of the magnetic flux as it was mentioned earlier in this paper and discussed in [18] , [19] .
If the design optimisation is done only considering torque, as many authors propose [48] - [50] , the optimal machine would have N c = 24 C-cores. However, this number of C-cores yields a very low power factor (< 0.3). Near N c = 24 C-cores the slope of the torque curve is very low and the slope of the power factor curve is steep, which means that for small improvements of torque for each C-core added there is a strong penalty in terms of power factor. The power factor can be improved considerably by reducing the number of C-cores thus reducing the torque density slightly. Such a happy compromise between torque density and power factor may be the key to unlocking the potential of these machines.
VI. CONCLUSION
This paper studies a TFM using an alternative methodology based on the concept of virtual mutual inductance. The proposed methodology is used to obtain key performance parameters of the machine such as back EMF, torque and power factor. These results are consistent with 3D FEA and experimental data.
It is shown that the low power factor of TFMs is not due to leakage in the traditional sense. It is due to the ineffective use of the magnetic flux, which can be directly deduced from the calculation of the virtual mutual inductance, M(β). Furthermore, power factor can be improved significantly by reducing the number of C-cores with a small impact on torque, which can be the key to unlocking the potential of these machines.
The proposed methodology was successfully applied to analyse a prototype TFM. However, the principle of the virtual mutual inductance approach is completely general and can be applied to any kind of PM machine.
